Static interaction between two spherical chiral bags is studied in a numerical way. In order to get the solutions of the confined quark states and the outside chiral-field which should satisfy the boundary conditions at both bag surfaces in the chiral bag model, the finite element method is utilized as numerical procedure. We extract the static interaction by calculating the energy change as the two bags approach from large separation to contact distance. Results obtained for three typical configurations indicate that such an approach is workable: We can see that the asymptotic behavior gives the OPEP-tail, and some nonperturbative effects are noticeable in the intermediate region.
In order to understand nuclear force more deeply from the subnuclear level, the so-called QCD-motivated models such as the quark cluster modeP) and the Skyrme model/H) have been often used. In principle, it is most desirable to approach nuclear force problems directly from the QCD. At present, however, such an approach seems far beyond practice because of its nonperturbative nature in the lbw energy regime, as seen from the present limitations of the lattice QCD calculations. 5 ), 6) For example, present lattice calculations cannot provide such a large size that the deuteron, the loosely bound two-nucleon system, is properly treated with satisfactory accuracy. Therefore we need to study nuclear forces by using some QCD-motivated models. In this paper we aim at approaching nuclear forces in the chiral bag model which has been scarcely applied to two-baryon problems.
The chiral bag modeF),8) (hereafter abbreviated to CBM) has the nice features from the QCD viewpoint, in describing one-hadron systems: In this model, the degrees of freedom of both of the quarks and pions are explicitly treated, the confinement of quarks is assured by the boundary conditions at bag surface, quarks are treated in a fully relativistic way, and the chiral symmetry is treated exactly. The main reason why only few studies on nuclear forces have been done in the bag model lies in difficulty to treat fusion-fission dynamics of bags under the boundary conditions of the bag model. Even though this fusion-fission problem is put aside, it is meaningful to study nuclear forces in the CBM, by tracing the changes of the chiral field and the quark states when two bags approach from the large separation to the contact distance, as done following the line of approach initiated by Taketani et al.
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establishing the pion theory of nuclear forces.
Previously two of the authors (R. T. and T. T.) studied the interaction between two chiral layers containing the confined quark matter as an exactly solvable case in the CBM. IO ) They found that at close approach of two layers a drastic change of the chiral field takes place and a corresponding change of the quark states is also realized. It is very" interesting to see how such nonperturbative effects appear in the interaction of two spherical chiral bags. In the case of two chiral bags, it is expected that there arises an essential difference between the chiral field in the near-side region (intervening between two bags) and that in the far-side region (outside the region enclosing two bags). This means that the hedgehog ansatz, which is mostly used in the singlebaryon case, is no more valid when two bags approach closely. By this change of the chiral field, the quark states also change from those determined in the single-baryon problem.
In a previous paper/I) with use of the Finite Element Method l2 ) (hereafter abbreviated to FEM), we have made a numerical approach to the static interaction between two spherical chiral bags for the massless pion case. There we have treated the system of two spherical chiral bags, each center of which is placed at the point z =±d, and calculated the change of static energy of this system with the decrease of separation distance s=2d. This energy change can be regarded as the static interaction energy between two chiral bags, which has been confirmed to tend asymptotically to the OPEP. In this paper, extending this numerical approach in the CBM, we deal with the case where the pion mass is taken as the realistic one.
Although we take the hedgehog solution for the single-baryon system and start with some asymptotic configurations of two bags with the hedgehog type at S--->OO, the solutions at finite s are difficult to be analytically described. Such a situation is similar to that in the Skyrme model studies/ 3 ), 14) as in some recent works to numerically look for the solutions beyond the so-called product ansatz, e.g., by the use of the relaxation method. To study numerically two-bag problems in the CBM, it is of particular importance to treat the boundary conditions appropriately. Therefore we utilize the FEM useful in boundary value problems as a numerical procedure. This advantage for the boundary value problems is the main reason why we use this method, and recent developments of the vector processors enable such large calculations. After we give a formulation for solving the equations for the quark field and the chiral field, we derive the so-called weak forms in this method applicable for the degrees of feedom of the quark and chiral field, and a detailed explanation of the numerical procedure is given in the Appendix.
Our main concern in such studies is to clarify nonperturbative effects appearing in nuclear forces of intermediate region. For this purpose, since we need the perturbative results to be compared with those obtained numerically, we derive the perturbative interaction between two chiral bags for the massive pion case, including the massless case as a limit.
This paper is organized as follows. In the next section, we formulate our model and a numerical procedure is explained in § 3. In § 4, we derive the perturbative interaction between two hedgehog bags, the OPEP corresponding to the configurations adopted in this paper. In § 5, numerical results are presented, and we 1172 s. Nawa In this paper, we neglect the effect of vacuum polarization inside the bags,' and consider valence quarks only for simplicity. In view of expected difficulties in numerical calculations to treat the effect, we postpone this problem to a future study.
In order to study the static interaction between the chiral bags, we consider the case that two spherical bags with its constant radius R are placed without overlapping, where the distance between the centers of two bags is restricted to s > 2R.
Namely we study nuclear forces to the contact distance from the peripheral region. In this situation, we must look for a solution that satisfies the equations of motion of two fields and the two boundary conditions.
After we get a solution of the fields, we can calculate the total energy of the system. The energy of the system under consideration is written as follows:
where E q , EB and Ex are the energy of quarks, the volume energy of two bags and the energy of the chiral field, respectively. Eq is given as the sum of the eigenenergies Ea and Ex is expressed as
and Ec denotes the Casimir energy plus the center of mass correction. As we take the spherical bags and the constant bag radius R, the volume energy EB does not change, and Ec also remains unchanged because it is usually taken as proportional to R-1 in the bag model. When a solution of quark wavefunction satisfies the linear boundary condition, Eq. (2·5a), the contribution of .LInt to the interaction energy vanishes because of < 7[fql f (6- irs r' ff)lf!l7[fq)=o on both bag surfaces. In this description, the 1174 S. Nawa, R. Tamagaki, T. Tatsumi and S. Yoro interaction effect is absorbed into changes of the energy of the quarks and the chiral fieled, Eq and Ex,
This LlE(s) is to be interpreted as the static interaction energy between two chiral bags. § 
Procedure in numerical calculations
In two·bag problems, we cannot use the hedgehog ansatz, because the system under consideration does not have the spherical symmetry. It is very difficult to solve the equations of motion analytically, and we should find out solutions that simultaneously satisfy the two boundary conditions (2 0 5), by some numerical procedure.
In order to numerically solve the equations of motion for the quark field and the chiral field consistently, we use the FEM which is widely used in the boundary value problems.
Weak forms in the FEM
First, we explain the method adopted to solve the Dirac equation with the constraint that the quark field satisfies the linear boundary condition (2 0 5a). Details of this numerical procedure of the FEM are given in the Appendix. Here we explain how to get a weak form for the quark part and that for the chiral field. in the FEM.
When we write the upper component qu and the lower component ql of the quark spinors explicitly, the Dirac equation and the linear boundary condition are expressed as follows, Here qu and ql are the 4-component spin-isospin spinor (Pauli spinor multiplied by the isospin wavefunction) and n denotes the outward normal vector at the bag surface.
Multiplying an arbitrary 4-component spinor v t from the left-hand side of Eq. (3 0 1), and integrating it in the region inside a bag, we obtain
Using Eq. (3 0 2) and 17 2 =«1017)2, we can get the weak form in the FEM:
In applying the FEM, we divide the region inside the bag by filling with tetrahedrons, the vertices of which are identified with node points (see Figs. 6 and 7 and the Appendix). Writing gl/ for the value of qu at the J)-th node point, we get a large set of coupled equations for {ql/} from Eq. (3·4), and we can find a solution. Details of this procedure are explained in the Appendix.
Next, we consider the weak form for solving the equation of the chiral field under the constraint that the chiral field must satisfy the axial-vector current conservation on the bag surfaces. From the Lagrangian (2·4), we have the Euler-Lagrange equation, 
where An is the axial-vector current at the bag surfaces,
Hereafter we suppress the argument F in jo(F) and jl(F). On the other hand, the axial-vector current conservation law (2·5b) allows us to rewrite An in terms of the quark field:
Finally, we can obtain an explicit expression for the weak form for the chiral field in the FEM.
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As in the case of the quark field, we divide the outside region of the two bags by filling the tetrahedrons, and F at the ).I·th node point is denoted by Fv (see the Appendix). Then we get coupled nonlinear equations for {Fv}'s. We treat these equations as linear equations, by using an iterative procedure. Iteration has been done until these equations for the chiral field are fulfilled consistently.
We can now solve the Dirac equation under the constraint of the linear boundary condition, and solve the equation of motion of the chiral field under the constraint of the axial-vector current conservation at the bag surfaces. We carry out these procedures iteratively. The iteration is done until the difference of the chiral fields between the successive procedures become sufficiently. small. Then we obtain a solution that satisfies the equations of motion (3 0 1), (3 0 5) and the boundary conditions (2 0 5) consistently.
Two-bag configurations
Here we describe the numerical procedure to get the solutions for two chiral bags, combining the numerical procedures for two degrees of freedom (quark and chiral field).
At first consider the configuration that the two hedgehog solutions are placed at z=±d with d=s/2. When the distance between the two bags is very large, we take this configuration as a starting configuration of the iteration. 
where r'=r+s(r) is the vector from the center of the bag-2 (bag-I). The asymptotic amplitude of P2 represented by A is obtained by solving the following differential equatjon numerically,
Using the expression (4·3) and (4·4), we obtain
LlEperturb(s)=-I(Q)C(J-lR)f7sRf7s--, 2 S C(x)=3eX[xcoshx-sinhx]/x 3 , I(Q)= I +y2 -1+y2-2y/Q (4·6)
Here R represents the relative rotation of the isospin between the two bags. For
Configurations (a), (b), (c), f7Rf7 becomes o/+O/+oz2, -a/+a/-oz 2 , -a/-o/+oz 2 , respectively. Then we get (4·7)
The expressions LlEperturb(S) obtained for three configurations can be written as the OPEP-type expressions, When f.1.~0, the expression (4·8) reduces to the most singular (s-3-dependence) part of the OPEP tensor potential, which has been discussed in Ref. 11 This value is to be compared with (/iNN/47r)expX(32/(5/3)2)~0.08x3.73~0.25, because the SU(6) scheme gives the well-known factor (5/3)2 in the spin-flavor part while the hedgehog ansatz taking the same spin-flavor wave function for the confined three quarks gives the factor of 3 2 .
To see the dependence on I" and R, the perturbative value starting with the MIT bag is also shown. When R and/or I" is large, A~3eP.RI(Q)/87r/,,2(2+2f.1.R+ f. 1.2R2) and then Q goes to 2.04, the MIT value. In this case, .47 fml is used, such a situation takes place for R~0.7 fm. IS ) In such a situation, the effects of the vacuum polarization inside the bag become significant and cannot be neglected. This is the case for a bag radius R small enough to see nuclear forces in the intermediate region (s~l fm). This problem, however, is beyond the present approach because much larger CPU time is needed to calculate the effects of the vacuum polarization. We leave it as a future problem.
(2) There is another viewpoint: The choice of I" should be chosen for the strength of the OPEP to come out to be the experimental value. In the case the required I"
is necessarily larger than the empirical one, as mentioned at the end of § 4. Now we show a typical solution obtained for Configuration (b) at s=2.4 fm in Fig. 2 . In this case the chiral angle F in the. near-side region becomes larger with the decreases of the distance s. On the" other hand, in the far-side region, no drastic change from the case S-H:D h~ seen. This is an aspect different from that obtained in the study of the chirallayers,lO) where the amplitude of the chiral field in the near-side (far-side) region is remarkably enhanced (damped) for the case yielding attractive (repulsive) effects.
Next we show the energy changes in Fig. 3 ; the results for ,u=138 MeV by solid lines and for ,u=0 by dashed lines. For Configuration (b), as the increase of the chiral angle, the energy of the chiral field Ex becomes larger. On the contrary, the energy of the quark field Eq becomes smaller with the increase of the chiral angle in the near-side region. Strong cancellation between the change of Eq (L1Eis» and that of Ex (L1Ex(s» provides us with the weak attractive effect in the intermediate and long range regions, although L1Eq(s) and L1Ex(s) are rather large in magnitude.
For Configuration (c), the chiral angle in the near-side region becomes smaller as the distance decreases. The energy of the chiral field decreases, but the increase of the energy of quark field overwhelms the decrease of the energy of the chiral field, and the repulsive effect L1E(s) >0 appears.
For Configuration (a), which corresponds to the two-hedgehog configuration for the two chiral bags with the same orientation as shown in Fig.1(a) when S-HYJ, we can show the intermediate situation between Configurations (b) and (c). In particular, for the massless pion case, the effect the quark field and the chiral field almost completely cancels each other and the net effect becomes very weak for S ~2.0 fm. This aspect is that expected from (a) in Eq. (4-9) and shows the adequacy of our numerical procedure.
There appears no essential difference between the massive pion and the massless pion cases, except the aspect that the [MeV) force range becomes shorter for the The closeness between the net energy change and the perturbative one means that this is nothing but a reflection of the attractive future given by the OPEP tensor part at s~1.5 fm.
The scalar density of the quark field inside each bag < ¢¢> is shown in Fig. 5 for Configuration (b). Although the change of the energy L1E(s) is close to the perturbative result, we can see a significant deformation of the quark field (and the chiral field in the near-side These results show that our numerical procedure is workable in the sense that it assures the correct asymptotic behavior even though it results from the cancellation between the energy change of the quark system and that of the chiral field. Clearly the perturbative approach is preferable in the asymptotic region because of simplicity on the one hand, but it is interesting on the other hand that we have such a description that the change of the confined quark states influences the asymptotic region through the interaction with the chiral field at the bag surfaces. The description we .have made here is preferable to extract nonperturbative effects in the intermediate region, although those presented here are not so remarkable because of the large j". § 6. Summary and concluding remarks
We have studied the static interactions between two chiral bags to get a deeper understanding of nuclear forces from the subnuclear level. To this end, we have 1184 s. Nawa, R. Tamagaki, T. Tatsumi and S. Yoro solved the equations of motion for the quark field and the chiral field so as to satisfy the linear boundary condition and the axial-vector current conservation consistently. This has been done without the hedgehog ansatz because the system under consideration does not have the spherical symmetry. To obtain the results I?-umerically, we have used the finite element method.
Using the solution thus obtained, we have analyzed the change of the energy of the system, and we have shown that this change is interpreted as the static interaction energy between two chiral bags. We have found that the numerical results agree with the perturbative one, namely, the OPEPcorresponding to the configurations adopted, in· the long range region s;C 2.0 fm, and some nonperturbative effects appear.
in the intermediate region 2R < s;S 2.0 fm. In spite of the rather closeness in the change of the energy with the perturbative 'one, we have also found the appearance of significant modification in the quark wave function and the chiral field from those for s=oo.
In these calculations, we have used the parameters, the pion decay constant frr =0;8 fm-1 and the bag radius R=0.6 fm. The large value of f"R makes the situation obtained in our model close to the MIT bag version and the effect due to the nonperturbative nature of the chiral field is considerably weakened. So as to extract nonperturbative effects adequately, and also to treat the region of the closer approach of two bags, we have to solve the problem related to f"R and the vacuum polarization. This is one of future problems. In the case of the chiral field, we can use almost the same method so as to get a solution that satisfies Eqs. Finally, we show mapping procedures for solving the quark wave function and the chiral field in actual calculations. We show the pattern of the bag surface in Fig. 7 . There are 90 node points and 176 triangle surface elements on each bag surface. Each bag contains 81 node points and 688 tetrahedral elements in it, then N pt =171 and N et =688. The dimension of the matrices Jl, 93 and C becomes 684. In Fig. 8 , a cross section of the lattice for the calculation of the chiral field at the x-z plane. Small and detailed discretization has been carried out near the. bag surface. Because the symmetries explained in § 3.2 are assured, we use the half of this lattice in the actual calculations. For S-HX) (s=11.2 fm in actual calculations), we have 
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